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1. (a) By using the e-definition, show that lim =2
n—oo 1, 4+ 3

(b) Let f: R — R be a function defined by
22 if e
fx) =
0 if zeR\Q.

By using the § — € definition, show that f(x) is continuous at = = 0.
(8 Points)

2. (a) State without proof the Bolzano-Weierstrass theorem.

(b) Let S = {sinn : n € N}. Show that there exists at least one cluster point of S.

(5 Points)
3. Let {z,} be a sequence of real numbers.
(a) Suppose that lim z,, = L, prove that lim |z,| = |L]|.
n—00 n—00
(b) Does the converse of the statement hold? Prove your assertion.
(5 Points)

4. A set of real numbers K is said to be compact provided that every sequence in K
has a subsequence that converges to a point in K.

Suppose that K is a compact subset of R and f : K — R is a continuous function.

(a) Show that f is bounded above.
(b) Show that there exists x); € K such that f(z) < f(xp) for all z € K.

(7 Points)



